We consider a discrete model of operation of an insurance company whose initial capital can take any integer value. In this statement, the problem of nonruin probability is naturally solved by the WienerHopf method. Passing to generating functions and reducing the fundamental equation of the risk theory to a Riemann boundary-value problem on the unit circle, we show that this equation is a special one-sided discrete Wiener-Hopf equation whose symbol has a unique zero and, furthermore, this zero is simple. On the basis of the constructed solvability theory for this equation, we justify the applicability of the projective method to the approximation of ruin probabilities in the spaces l + 1 and c + 0 . Conditions for the distributions of waiting times and claims under which the method converges are established. The delayed renewal process and stationary renewal process are considered and approximations for the ruin probabilities in these processes are obtained.
Introduction
Consider a discrete ordinary renewal model for functioning of an insurance company in the arithmetic case: 1
Assumptions. The renewal model is given by following conditions:
(a) the claim sizes 2 {Z n } n∈N are positive integer-valued independent identically distributed (iid) random variables (rvs) with common generating function
q n z n and finite mean µ = EZ 1 ;
(b) the inter-arrival times {T n } n∈N are positive integer-valued iid rvs with common generating function
p n z n and finite mean ET 1 = 1/α; (c) the gross premium rate c > αµ, c ∈ N;
(d) the sequences {Z n } n∈N and {T n } n∈N are mutually independent. Let F Z (v) and F T (v) be the distributions of the random variables Z 1 and T 1 , respectively. It is known that the probability of solvency of the insurance company ϕ(u) with initial capital u ≥ 0 in the ordinary renewal process satisfies, in general case, the fundamental equation of the risk theory [2, 6, 14] :
In deducing this equation, nothing prevents us to consider that u can also be negative. Indeed, the insurance company can start its activity having a debt, u < 0, i.e., being in the state of ruin. Under the favorable conditions, the company may leave this state at the time of arrival of the first claim and never return to this state. This happens, e.g., if the random variable u + cT 1 − Z 1 takes nonnegative values and then the company is not ruined. Therefore, it is reasonable to state a more general problem of finding the nonruin probability for the company with initial capital u ∈ R, being in the state of nonruin somewhat later, i.e., we are interested in the probability ϕ(u) of the following event:
In this case, it is natural to apply the Wiener-Hopf method [8, 16] to the solution of the posed problem. For the nonruin probability ϕ(u), u ∈ R, we introduce the probabilities ϕ ± (u) given by the formulas
where H(u) is the Heaviside function. Following Feller [2, 6, 13, 14] , we deduce the equation for ϕ − (u) :
Here, we take into account the fact that ϕ + (u) ≡ 0 for u < 0 and, therefore, the integration in inner integral is, in fact, carried over the set in which u + cv − w > 0. Combining the equations (1) and (2),we represent the equation for ϕ ± (u), u ∈ R, in the form of a single equation:
We are interested in the solution ϕ(u) satisfying the conditions ϕ + (u) 1 as u → +∞, and ϕ − (u) 0 as u → −∞.
